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Abstract. We consider a three-mode system and show how steering correlations
can be created between two modes of the system using the fast dissipation of the
third mode. These correlations result in a directional form of entanglement, called
quantum or EPR steering. We illustrate this on examples of the interactions
among damped radiation modes in an optomechanical three-mode system. By
assuming that one of the modes undergoes fast dissipation, we show that the
coupling of that mode to one or two other modes of the system may result in one-
or two-way quantum steering. Explicit analytical results are given for the steering
parameters. We find that two modes coupled by the parametric-type interaction
and damped with the same rates can be entangled but cannot exhibit quantum
steering. When, in addition, one of the modes is coupled to a fast damped mode,
steering correlations are created and the modes then exhibit one-way steering. The
creation of the steering correlations is interpreted in the context of the variances
of the quadrature components of the modes that the steering correlations result
from an asymmetry in the variances of the quadrature components of the modes
induced by the auxiliary mode. It is found that the fluctuations act directionally
that quantum steering may occur only when the variance of the steering mode
is larger that the variance of the steered mode. The scheme is shown to be
quite robust against the thermal excitation of the modes if the fluctuations of the
steering mode are larger than the fluctuations of the steered mode.
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1. Introduction
The Einstein-Podolsky-Rosen (EPR) steering or shortly quantum steering refers to a
situation in which one can distinguish the role of each subsystem in the creation of
entanglement [1–7]. Such a situation does not exist in entanglement which is shared
equally between the subsystems, that one cannot judge which of the subsystems is
responsible for the entanglement. It has been suggested that the asymmetric property
of quantum steering can be used to achieve secure quantum communication [8], secure
quantum teleportation [9], and quantum key distribution [10].
Various systems have been theoretically studied for the creation of quantum
steering [11–26]. The experimental realization of quantum steering has been
accomplished in several systems [27–36]. Of particular interest is the possibility
to achieve quantum steering in macroscopic systems. For this reason, considerable
attention has been devoted to optomechanical systems, where the dynamics of the
macroscopic mechanical mode of the oscillating mirror can be controlled through the
coupling to an optical cavity mode [37–43].
A key question for quantum steering is the effect of dissipation which in long
interaction times tends to destroy the steering, particularly in macroscopic systems
such as optomechanical cavities. The main sources of dissipation are the decay of the
cavity photons and damped oscillations of the mirror which prevent to achieve a strong
entanglement [44–52]. It has been proposed the use of pulsed excitation resulting in
a short time interaction between the modes which can significantly reduce the effect
of dissipation [53–59].
In this paper we consider a dissipative three-mode system, which decays to
a mixed Gaussian state. We illustrate the three-mode system on example of a
dissipative three-mode optomechanical system composed of an ensemble of two-level
atoms located inside a single mode cavity with a movable mirror and driven by
a coherent laser field. We show how to achieve a steady-state bipartite quantum
steering via fast dissipation of one of the modes. To quantify steering, we adopt
the Reid criterion [60], which is applicable to non-idealized Gaussian continuous
variable systems, i.e. for dissipative Gaussian systems which decay to decohered
mixed Gaussian states [6, 38, 50, 54–59]. We adiabatically eliminate the fast damped
mode which enables us to obtain modified equations of motion for the operators of
the remaining two modes. The equations are then solved for the steady-state and
the solutions are used to derive explicit analytical expressions for the variances of
the quadrature components and correlations between the modes. The method of the
adiabatic elimination of a fast damped mode from the dynamics of a system has been
carried out in a number of previous work. For example, Parkins et al. [61] have
used the method for the unconditional preparation of EPR-type entangled states of
collective atomic modes in physically separated atomic ensembles. The method was
also used to demonstrate the cavity loss induced generation of entangled atoms [62].
It has also been used in optomechanical systems to demonstrate entanglement and
quantum steering in pulsed excitation of a fast damped cavity mode [53–59].
The paper is organised as follows. We introduce our physical system in Sec. 2,
using a three-component optomechanical system composed of an ensemble of N two-
level atoms located inside a single mode cavity with a movable mirror and driven by
a coherent laser field. In Sec. 3, we introduce parameters that measure the degree
of bipartite steering, which are simply related to the variances of the quadrature
components of the modes and correlations between them. Next, in Sec. 4 we examine
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under what kind of conditions a bipartite steering can be achieved between two modes
coupled to the fast damped mode, and in Sec. 5 we examine the effect of the auxiliary
mode on the creation of bipartite entanglement. We also discuss the effect of thermal
excitation of the modes. Finally, in Sec. 6 we summarize our results.
2. The physical system
The system we discuss consists of three damped quantum harmonic oscillators, A,
C, and M , as shown schematically in Figure 1. The oscillators are characterized by
frequencies, ωa, ωc and ωm, damping rates γa, κ and γm, and are represented by boson
operators c, a, and b, respectively. Suppose that there is a linear type coupling between
the oscillators A− C with the strength ga, and a nonlinear parametric-type coupling
between C −M oscillators with the strength g0. Such coupling configuration can be
realized in a three-mode optomechanical system [63–68]. Therefore, in what follows
we focus on a damped optomechanical system composed of a single mode cavity with
an oscillating mirror and an ensemble of N two-level atoms located inside the cavity.
The cavity mode is driven by a coherent laser field through the fixed mirror. The jth
atom of the atomic ensemble is represented by its ground |gj〉, an excited state |ej〉,
and the transition frequency ωa.
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Figure 1. (Color online) Schematic illustration of three harmonic oscillators,
depicted as A, C, and M , damped with rates γa, κ, and γm, respectively. ga is
the coupling strength between A and C, and gm is the coupling strength between
C and M .
Representing the cavity mode in terms of the annihilation (creation) operators
a(a†), the oscillating mirror in terms of the annihilation (creation) operators b(b†),
and the atomic ensemble in terms of the collective atomic spin operators
S− =
N∑
j=1
|gj〉 〈ej | , Sz = 1
2
N∑
j=1
(|ej〉 〈ej | − |gj〉 〈gj |) , (1)
the total Hamiltonian of the system can be written as (~ ≡ 1):
H = ∆ca
†a+ ∆aSz + ωmb†b+ ge
(
S+a+ a†S−
)
+ g0a
†a
(
b† + b
)
+ i
(
ELa
† − E∗La
)
, (2)
where ge is the coupling strength of the atomic ensemble to the cavity mode,
∆c = ωc − ωL and ∆a = ωa − ωL are the detunings, respectively, of the cavity
mode frequency ωc and the atomic frequency ωa from the the driving field frequency
ωL, and EL is the amplitude of the laser field driving the cavity mode. In writing the
Hamiltonian (2) we have assumed a uniform coupling strength of the atoms to the
cavity mode.
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Since our main concern here is the dynamics of three coupled quantum harmonic
oscillators, we perform a bosonisation of the collective atomic spins operators by means
of the Holstein-Primakoff representation [69], in which the collective atomic operators
are described in terms of bosonic operators as
S− =
√
(N − c†c) c, S+ = c†
√
(N − c†c), Sz = c†c− N
2
, (3)
where c and c† are bosonic annihilation and creation operators of the atomic mode,
satisfying the usual canonical bosonic commutation relation [c, c†] = 1. Assuming
that the atomic ensemble is weakly coupled to the cavity mode that the number of
excited atoms in the ensemble is much smaller than the total number of atoms, i.e.,
〈c†c〉  N , the operators (3) can be approximated by
S− ≈
√
Nc, S+ ≈
√
Nc†. (4)
In this case, the Hamiltonian (2) takes the form
H = ∆ca
†a+ ∆ac†c+ ωmb†b+ ga
(
c†a+ a†c
)
+ g0a
†a
(
b† + b
)
+ i
(
ELa
† − E∗La
)
, (5)
where ga =
√
Nge is the coupling strength of the atomic mode to the cavity mode.
We take a strong driving field limit of |EL|  g0, ga, in which we can linearize the
equations of motion for the bosonic operators of the modes around their semiclassical
steady-state amplitudes [70, 71]. Namely, we write the operators c, b and a as the
sum of their steady-state amplitudes αa, αm and αc, respectively, and small linear
displacement (fluctuation) operators as
c→ αa + δc, b→ αm + δb, a→ αc + δa, (6)
where δc, δb and δa are the fluctuation operators.
Using the Hamiltonian (5) it is straightforward to derive the quantum Langevin
equations for the fluctuation operators, which in a frame rotating with ωm are
δb˙ = − (γm + iωm)δb− igm(δa+ δa†)−
√
2γm δbin,
δa˙ = − (κ+ i∆c)δa− igaδc− igm(δb+ δb†)−
√
2κ δain,
δc˙ = − (γa + i∆a)δc− igaδa−
√
2γa δcin, (7)
where gm = g0|αc| is the effective mirror-cavity mode coupling. In writing (7), we
have included the damping rates of the modes and the in-field operators δbin, δain and
δcin describe the input noise to the modes. The noise operators satisfy the Gaussian
statistics with
〈δa〉 = 〈δb〉 = 〈δc〉 = 0, (8)
and nonzero correlations
〈δain(t)δa†in(t′)〉 = 〈δcin(t)δc†in(t′)〉 = (n+ 1)δ(t− t′),
〈δa†in(t)δain(t′)〉 = 〈δc†in(t)δcin(t′)〉 = nδ(t− t′),
〈δbin(t)δb†in(t′)〉 = (n0 + 1)δ(t− t′),
〈δb†in(t)δbin(t′)〉 = n0δ(t− t′), (9)
where n is the number of thermal excitations of the modes a and c, and n0 is the
number of thermal excitations of the mode b.
It is seen from (7) that δb oscillates at frequency ωm while δa and δc oscillate at
detunings ∆c and ∆a, respectively. We may introduce slowly varying variables and
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choose the detunings such that these new variables could be free of the oscillations.
Namely, we may define slowly varying variables
δbs = δbe
iωmt, δbsin = δbine
iωmt,
δas = δae
−iωmt, δasin = δaine
−iωmt,
δcs = δce
−iωmt, δcsin = δcine
−iωmt, (10)
and in terms of these variables (7) becomes
δb˙s = − γmδbs − igm(δase2iωmt + δa†s)−
√
2γm δb
s
in,
δa˙s = − [κ+ i(∆c + ωm)]δas − igaδcs
− igm(δbse−2iωmt + δb†s)−
√
2κ δasin,
δc˙s = − [γa + i(∆a + ωm)]δcs − igaδas −
√
2γa δc
s
in. (11)
Choosing ∆c = ∆a = −ωm and removing the terms oscillating at twice the frequency
ωm, we obtain
δb˙s = − γmδbs − igmδa†s −
√
2γm δb
s
in,
δa˙s = − κδas − igaδcs − igmδb†s −
√
2κ δasin,
δc˙s = − γaδcs − igaδas −
√
2γa δc
s
in. (12)
Equation (12) describes the dynamics of three coupled modes with a linear-type
coupling between a and c modes, and a nonlinear-type coupling between the a and b
modes. Since the noise terms in (12) satisfy the Gaussian statistics and the dynamics
are linear, the steady-state of the system will be a Gaussian state.
Our purpose in this paper is to investigate quantum steering between two modes
of this three mode system. Thus, we will adiabatically eliminate one of the modes
from the dynamics by assuming that the mode is damped with a rate which is much
larger than damping rates of the remaining modes. Thus, the fast damped mode can
be treated as an ”auxiliary” mode to the other modes. We will consider two cases. In
the first, we will assume that the atomic mode c is rapidly damped that the mode can
be treated as an ”auxiliary” mode to the cavity mode. In the second, we will assume
that the cavity mode a is rapidly damped that the mode can appear as an ”auxiliary”
mode to both atomic and mirror modes.
Before proceeding further, we briefly discuss where the assumption of fast damped
modes may be satisfied in currently available experimental systems. Since the atomic
damping rate γa is proportional to the square of the absolute value of the atomic
transition dipole moment, |~µa|2, the condition of a fast damped atomic mode can
be realised simply by choosing atoms with a large ~µa. The situation of the fast
damped cavity mode can be met in recently experimentally realized optomechanical
systems [72, 73], in which damping parameters were κ/2pi = 2.6 MHz and γm/2pi =
0.18 Hz. Clearly, the condition of κ γm could be well satisfied in these experiments.
2.1. The case of fast damped atomic mode
Our first example considers the atomic mode an auxiliary mode to the parametrically-
type coupled cavity and mirror modes. We adiabatically eliminate the atomic modes
assuming that the damping rate of the mode γa is much larger than the damping rates
of the other modes. In this case, we formally integrate the equation of motion δc˙s,
Creation of bipartite steering correlations by a fast damped auxiliary mode 6
appearing in (12), and get
δcs = δcs(0)e
−γat − igae−γat
∫ t
0
dt′δas(t′)eγat
′
−
√
2γa
∫ t
0
dt′δcsin(t
′)e−γa(t−t
′). (13)
When the atomic mode is fast damped we have γat  1, even at short times.
In this case, we can make the adiabatic approximation that over such short times
the operators of the other modes do not change much, so that we can approximate
as(t
′) ≈ as(t). Then, in the limit of γat 1 the solution for δcs reduces to
δcs ≈ −i ga
γa
δas −
√
2γa
∫ t
0
dt′δcsin(t
′)e−γa(t−t
′). (14)
When this result is inserted into the equation of motion δa˙, the set of coupled
differential equations (7) reduces to the following set of two coupled equations of
motion for the cavity and mirror modes modified by the presence of the auxiliary
atomic mode
δa˙s = − (κ+ Ca) δas − igmδb†s + i
√
2Caδc˜
s
in −
√
2κ δasin,
δb˙s = − γmδbs − igmδa†s −
√
2γm δb
s
in, (15)
where Ca = g
2
a/γa, and
δc˜sin = γa
∫ t
0
dt′δcsin(t
′)e−γa(t−t
′). (16)
For each mode we introduce the quadrature phase amplitudes Xu = (δu+δu
†)/
√
2
and Pu = (δu − δu†)/
√
2i, (δu = δas, δbs, δcs) and by solving (15) for the steady-
state, we will determine the variances of the quadrature amplitudes of the modes and
correlations between the modes. It is straightforward to show that the steady-state
variances of the quadrature phase amplitudes of the cavity and mirror modes and
non-zero correlation functions are
∆2Xa = ∆
2Pa =
(
n+
1
2
)
+
1
2
(n+ n0 + 1) γg
2
m(
γ + 12Ca
)
[γ (γ + Ca)− g2m]
,
∆2Xb = ∆
2Pb =
(
n0 +
1
2
)
+
1
2
(n+ n0 + 1) (γ + Ca) g
2
m(
γ + 12Ca
)
[γ (γ + Ca)− g2m]
,
〈XaPb〉 = 〈XbPa〉 = − 1
2
(n+ n0 + 1) γ(γ + Ca)gm(
γ + 12Ca
)
[γ (γ + Ca)− g2m]
, (17)
where ∆2U = 〈U2〉 − 〈U〉2 and γ ≡ γm = κ. Solving (14) for the steady-state, we
readily find that ∆2Xc = ∆
2Pc = (n+ 1/2), i.e., the fluctuations of the fast damped
atomic mode are not affected by the other modes. There is no back action of the
modes on the fast damped mode. Consequently, we can call the atomic mode as an
auxiliary mode.
Equation (17) shows that the effect of the auxiliary mode is to introduce an
asymmetry in the variances of the quadrature components of the modes. It is not
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difficult to see that in the case of Ca 6= 0 and n = n0 we have ∆2Xa < ∆2Xb, i.e., the
fluctuations of the mode to which the auxiliary mode is directly coupled are smaller
than the fluctuations of the other mode. However, the correlations between the modes
are present even in the absence of the auxiliary mode, Ca = 0.
2.2. The case of fast damped cavity mode
For our second example, we consider the steady-state properties of the indirectly
coupled atomic and mirror modes interacting with the rapidly damped cavity mode,
κ  γa, γm, ga, gm. Now, we formally integrate the equation of motion for δas,
appearing in (12), and make the adiabatic approximation. Then, substituting the
resulting expression into the equations of motion δb˙s and δc˙s, we get
δb˙s = − (γm −G)δbs +
√
GGaδc
†
s + i
√
2Gδa˜s†in −
√
2γm δb
s
in,
δc˙s = − (γa +Ga)δcs −
√
GGaδb
†
s + i
√
2Gaδa˜
s
in −
√
2γa δc
s
in, (18)
where G = g2m/κ, Ga = g
2
a/κ, and
δa˜sin = κ
∫ t
0
dt′asin(t
′)e−κ(t−t
′). (19)
Solving (18) for the steady-state, we arrive at the following expressions for the
variances and correlations
∆2Xb = ∆
2Pb =
(
n0 +
1
2
)
+ (n+ n0 + 1)
2G
(
γG +
1
2G
)
γG (γ + γG)
,
∆2Xc = ∆
2Pc =
(
n+
1
2
)
+ (n+ n0 + 1)
GGa
γG (γ + γG)
,
〈XbXc〉 = − 〈PbPc〉 = − (n+ n0 + 1)
√
GGa (γG +G)
γG (γ + γG)
, (20)
where γG = γ − (G − Ga). It can be shown that the variances of the quadrature
components of the fast damped mode are not affected by the other modes, ∆2Xa =
∆2Pa = (n + 1/2). Notice an asymmetry in the variances that for n = n0,
∆2Xc < ∆
2Xb. Again, we see that the effect of the auxiliary mode is to introduce
an asymmetry between the variances of the quadrature components of the modes.
Moreover, the correlations between the modes are different from zero only if G 6= 0
(i.e., gm 6= 0).
It is worth noting that the variances ∆2Xi and ∆
2Pi (i = a, b, c) as given in
Equations (17) and (20), are not reduced below the quantum limit, i.e. ∆2Xi > 1/2
and ∆2Pi > 1/2. However, the presence of nonzero correlations between the modes
suggests that the variances of linear combinations of the modes could be reduced
below the quantum limit. For example, in the case of rapidly damped atomic mode
the variances in linear combinations, Xa+hPb and Pa+hXb could be reduced below the
quantum limit. Similarly, in the case of rapidly damped cavity mode the variances in
linear combinations, Xa+hXb and Pa−hPa could also be reduced below the quantum
limit. Here, h is a parameter which can be chosen to minimize the variance relative to
the quantum limit. We point out that the variances of such linear combinations are
involved in the criteria for entanglement and quantum steering.
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3. Criteria for bipartite steering and entanglement
Since the steady-states (17) and (20) of our system are two-mode Gaussian states,
we will adopt the Reid criterion to determine conditions for quantum steering [60]
(see also [4, 5]). This is justified because the criterion is applicable to non-idealized
Gaussian continuous variable systems, i.e. for decohered mixed Gaussian states. The
Reid criterion is based on an accuracy of inference defined as the root mean square
of the variances, ∆inf,jXi ≡
√
∆2inf,jXi and ∆inf,jPi ≡
√
∆2inf,jPi of the conditional
distributions for a result of measurement of the quadratures Xi and Pi of the mode i,
based on the results of the measurement of quadratures of the mode j. The inferred
variance ∆inf,jX
out
i can be written as [4–6,60]
∆inf,jXi = ∆ (Xi + hjOj) , ∆inf,jPi = ∆
(
Pi + h
′
jO
′
j
)
, (21)
where the quadrature Oj(O
′
j) is selected either Oj(O
′
j) ≡ Xj or Oj(O′j) ≡ Pj ,
depending on the type of the correlations between the modes, i.e., depending on
whether nonzero correlations between the modes are of the X −X, P − P or X − P
type. The parameters hj and h
′
j are constants chosen such that they minimise the
variances and thus the uncertainty product
Ei|j ≡ ∆inf,jXi∆inf,jPi = ∆(Xi + hjOj)∆(Pi + h′jO′j). (22)
The values of hj and h
′
j which minimise the variances are found by taking derivatives
of the variances, respectively, over hj and h
′
j , and setting the derivatives to zero we
find that the variances minimise when
hj = −〈XiOj〉
∆2Oj
, h′j = −
〈
PiO
′
j
〉
∆2O′j
. (23)
This results in the following expression for Ei|j corresponding to the optimal variances
Ei|j =
√
∆2Xi
[
1− (CXi,Oj)2]
√
∆2Pi
[
1−
(
CPi,O′j
)2]
, (24)
where
CUi,Wj =
〈UiWj〉√
∆2Ui∆2Wj
, (Ui = Xi, Pi;Wj = Oj , O
′
j) (25)
is the correlation coefficient for the quadrature components.
We say that the mode i is steered by the mode j whenever Ei|j < 1/2. Because
of the asymmetry property of the steering parameter Ei|j , the reverse steering of the
mode j by the mode i is not always true, that Ei|j < 1/2 does not necessary mean that
Ej|i < 1/2. The situation of Ei|j < 1/2 and Ej|i > 1/2 is referred to as the one-way
steering that mode i is steered to entanglement by the mode j, but the mode j is not
steered by mode i to entanglement. The situation of Ei|j < 1/2 and Ej|i < 1/2 is
referred to as a two-way steering. In this case, both mode i steers mode j and in the
same time mode j steers mode i to entanglement.
Variances of linear combinations of the quadrature components are also involved
in the criteria for entanglement between modes. For example, in the case of X − P
type correlations between the modes, the asymmetric Duan-Simon criterion for
entanglement is defined as [54,74,75]
∆hi,j =
∆2(Xi + hPj) + ∆
2 (Pi + hXj)
1 + h2
. (26)
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The modes are entangled if the condition ∆hi,j < 1 is satisfied.
A two-mode Gaussian state can be characterised by its symmetrically ordered
correlation matrix V with components Vij = 〈OiOj + OjOi〉/2, where Oi, Oj are
components of the vector ~OT = (Xl, Pl, Xk, Pk) composed of the quadrature phase
amplitudes of the two modes l and k. Then the entanglement of the state can be
quantified by means of the logarithmic negativity EN defined as
EN = max[0,− ln(2λ)], (27)
where λ = 2−1/2{Σ(V )− [Σ(V )2 − 4det(V )]1/2}1/2, with Σ(V ) = det(Vl) + det(Vk)−
2det(Vcorr) given in terms of 2× 2 block matrices of the correlation matrix
V =
(
Vl Vcorr
V Tcorr Vk
)
. (28)
The 2× 2 matrices are of the form
Vl =
( 〈X2l 〉 〈XlPl〉
〈PlXl〉 〈P 2l 〉
)
, Vk =
( 〈X2k〉 〈XkPk〉
〈PkXk〉 〈P 2k 〉
)
, (29)
and
Vcorr =
( 〈XlXk〉 〈XlPk〉
〈PlXk〉 〈PlPk〉
)
. (30)
The above discussed criteria show that correlations between the modes are
necessary for entanglement and quantum steering and should be strong enough to
satisfy the required inequalities. However, for quantum steering to be observed the
correlations between modes must be stronger than those for entanglement. Specifically,
for the case determined by the steady-state (17), the criterion (24) for quantum
steering between the cavity and mirror modes yields the inequality
|〈XaPb〉| >
√
∆2Pb (∆2Xa − 1/2), (31)
whereas the criterion for entanglement (λ < 1/2) yields
|〈XaPb〉| >
√
(∆2Pb − 1/2) (∆2Xa − 1/2). (32)
Clearly, the inequality for the correlations to observe quantum steering is stronger
than that required for entanglement.
Figure 2 shows the correlation function |〈XaPb〉| and the thresholds for steering
and entanglement calculated from (31) and (32) using the steady-state solutions (17).
In the absence of the auxiliary mode (Ca = 0) the correlations are stronger than
the threshold for entanglement but are not stronger than the threshold for quantum
steering. For the parameter values used the correlations are equal to the threshold
for quantum steering over the entire range of gm. Figure 2(b) shows the effect of
the auxiliary mode (Ca 6= 0) on the correlations and the thresholds for steering and
entanglement. It is seen that the correlations and the thresholds decrease with the
increasing Ca. However, the correlations decrease slower than the thresholds leading
to the correlations larger than the threshold for quantum steering. Note that threshold
for entanglement is always less than threshold for quantum steering.
4. Role of an auxiliary mode in the creation of bipartite steering
We now proceed to discuss in details the effect of an auxiliary mode on the bipartite
quantum steering properties of two modes to which the auxiliary mode is coupled.
Creation of bipartite steering correlations by a fast damped auxiliary mode 10
0 0.2 0.4 0.6 0.8 10
0.5
1
1.5
2
2.5
g
m
/γ
(a)
0 5 10 15 200
0.05
0.1
0.15
0.2
0.25
0.3
C
a
/γ
(b)
Figure 2. (a) Correlation function |〈XaPb〉| (solid black line) and threshold
for entanglement
√
(∆2Pb − 1/2) (∆2Xa − 1/2) (dashed red line) plotted as a
function of gm for Ca = 0 and n = n0 = 0. For these parameter values the
correlation function is equal to the threshold value for quantum steering. (b)
Correlation function |〈XaPb〉| (solid black line) and thresholds for entanglement
(dashed red line) and quantum steering (dashed-dotted blue line) plotted as a
function of Ca for gm = γ/2 and n = n0 = 0.
4.1. Atomic mode as an auxiliary mode
Let us first consider the criterion for bipartite steering between the cavity and mirror
modes with the atomic mode appearing as an auxiliary mode. Note that in this case
the auxiliary mode is directly coupled to the cavity mode, and the cavity and mirror
modes are coupled by the parametric-type interaction.
According to (17), there are nonzero 〈XaPb〉 and 〈XbPa〉 correlations between the
modes. Therefore, in the definition of the steering parameter (24), we choose Ob ≡ Pb
for the quadrature of the mode b. In addition, since ∆2Pa = ∆
2Xa, ∆
2Pb = ∆
2Xb
and 〈XaPb〉 = 〈XbPa〉, we see that the steering parameter Ea|b is of the form
Ea|b = ∆2Xa − 〈XaPb〉
2
∆2Pb
. (33)
Similarly, we can find that the steering parameter Eb|a describing steering of the
mirror mode b by the cavity mode a is of the form
Eb|a = ∆2Xb − 〈XaPb〉
2
∆2Pa
. (34)
Since ∆2Xa ≥ 12 and ∆2Xb ≥ 12 , we see that the minimum requirement for
steering to be possible is that the modes a and b are correlated, i.e., that 〈XaPb〉 6= 0.
Note that the requirement that the modes should be correlated is necessary but not
sufficient for quantum steering. The correlation 〈XaPb〉 although nonzero may not
be large enough to reduce Ea|b and/or Eb|a below the threshold value 1/2. For
quantum steering to occur, 〈XaPb〉 should be sufficiently large to enforce the inequality
Ea|b < 1/2 and/or Eb|a < 1/2.
The variances and the correlation function, which are needed in (33) and (34)
have already been obtained and are given in (17). To illustrate the analytic structure
of the steering parameters, we assume equal thermal excitations of the modes, n = n0.
Then, we find
Ea|b =
(
n0 +
1
2
)
Creation of bipartite steering correlations by a fast damped auxiliary mode 11
×
{
1− γCag
2
m(
γ + 12Ca
) [
2γ
(
γ + 12Ca
)
(γ + Ca) + Cag2m
]} , (35)
and
Eb|a =
(
n0 +
1
2
)
×
{
1 +
Ca (γ + Ca) g
2
m(
γ + 12Ca
)[
2γ
(
γ + 12Ca
)
(γ + Ca)− Cag2m
]} . (36)
We see from (35) and (36) that Ea|b can be reduced below threshold for quantum
steering, but Eb|a is always larger than the threshold value 1/2. The results given
by (35) and (36) clearly show that in the presence of the auxiliary mode coupled to
the cavity mode, Ca 6= 0 and n0 = 0, the cavity mode a is always steered by the
mirror mode b. This means once the auxiliary atomic mode is coupled to the cavity
mode, one-way steering, Ea|b < 1/2, can be observed. If the auxiliary atomic mode
was decoupled from the cavity mode (Ca = 0), then the steering parameters would be
Ea|b = Eb|a =
(
n0 +
1
2
)
, (37)
which are constant and not reduced below the threshold 1/2. This clearly shows that
the fast damped auxiliary atomic mode is responsible for steering of the cavity mode
a by the mirror mode b.
Figure 3 shows the steering parameter Ea|b as a function of the coupling strength
Ca of the auxiliary atomic mode to the cavity mode. In the absence of the thermal
excitation at the modes, n = n0 = 0, one-way steering of the mode a by the mode
b is present over the entire range of Ca and the largest steering occurs for Ca ≈ γ.
As Ca increases, the steering decays steadily. The important feature however is that
the steering is never destroyed completely. In the presence of the thermal excitation
at the mirror mode, the steering is lost at small Ca, but is almost insensitive to the
thermal excitation at large Ca.
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Figure 3. (a) Illustration of the effect of the coupling constant gm on the
variation of the steering parameter Ea|b with Ca in the case no thermal excitation
at the modes (n = n0 = 0). Solid black line corresponds to gm = 0.25γ, dashed
red line to gm = 0.5γ, and dotted-dashed blue line to gm = γ. (b) Illustration
of the effect of the thermal excitation at the mirror mode on the variation of
Ea|b with Ca in the case no thermal excitation at the cavity mode (n = 0) and
gm = γ. Solid black line corresponds to n0 = 0, dashed red line to n0 = 1, and
dotted-dashed blue line to n0 = 1.5.
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The physical reason for the occurrence of one-way steering with no possibility for
two-way steering is in the asymmetry of the variances of the quadrature components
of the modes. The auxiliary mode affects the variances of the quadrature components
of the modes such that ∆2Xa < ∆
2Xb. This indicates that only a mode of larger
fluctuations can steer the mode of smaller fluctuations. Thus, the fluctuations act
directionally, to prevent a mode to be steered whose the fluctuations are larger than
that of the steering mode.
4.2. Cavity mode as an auxiliary mode
Consider now the case where the cavity mode is fast damped so it can be treated as an
auxiliary mode to the atomic and mirror modes. Note that in this case the auxiliary
mode is coupled to both the atomic and mirror modes. Thus, the auxiliary mode
simultaneously affects both modes.
In this case, the steering parameter Ec|b determining quantum steering of the
atomic mode c by the mirror mode b is given by
Ec|b = ∆2Xc − 〈XcXb〉
2
∆2Xb
. (38)
Similarly, we can show that the minimized steering parameter Eb|c is of the form
Eb|c = ∆2Xb − 〈XcXb〉
2
∆2Xc
. (39)
To evaluate the steering parameters we will use the results for the variances and
the correlation function given in (20). In order to get some inside into the analytic
structure of the steering parameters, we put n = n0 and then we obtain the following
analytical result for Ec|b,
Ec|b =
(
n0 +
1
2
)
×
{
1− 2GGa (Ga −G)
(γ + γG)
[
γG (γ + γG) + 4G
(
γG +
1
2G
)]} , (40)
For Eb|c we find
Eb|c =
(
n0 +
1
2
)
×
{
1 +
2G [4γγG −G (Ga −G)]
(γ + γG) [γG (γ + γG) + 2GGa]
}
. (41)
Equation (40) shows that in order to have Ec|b < 1/2, one must have Ga > G. In
other words, the coupling strength of the auxiliary cavity mode to the atomic mode
should be larger than the coupling strength to the mirror mode to observe quantum
steering between the modes c and b. Thus, some kind of an asymmetry is required to
be present in the coupling of the auxiliary mode to the two other modes.
Equation (41) shows that in order to have Eb|c < 1/2, one must have Ga > G
and 4γγG < G(Ga − G). Hence, there are two regimes for the observation of one-
way and two-way quantum steering. For Ga > G and 4γγG > G(Ga − G), the
only steering possible is one-way steering Ec|b < 12 and Eb|c >
1
2 . For Ga > G and
4γγG < G(Ga − G), both Ec|b and Eb|c can be reduced below 1/2. In this case,
two-way steering becomes possible. The involvement of γ indicates that there is a
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spontaneous emission (losses) dependent minimal coupling strength Ga required to
observe the two-way steering.
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Figure 4. The variation of the steering parameters (a) Ec|b and (b) Eb|c with
Ga/γ for n = n0 = 0 and for several different values of the coupling constant
G ≤ γ: G = 0.25γ (solid black line), G = 0.5γ (dashed red line), G = γ (dotted-
dashed blue line).
The above analysis are illustrated in Figures 4 and 5, where the steering parameter
Ec|b is shown in frames (a), while Eb|c is shown in frames (b) as a function of Ga in the
absence of the thermal excitations at the modes, n = n0 = 0. The parameter regimes
used in the plots were carefully chosen to satisfy the conditions for the stabile steady-
state solutions. Figure 4 shows the steering parameters for weak couplings G ≤ γ,
whereas Figure 5 shows the steering parameters for strong couplings G > γ. We see
that in the case of G ≤ γ only one-way steering is observed that Ec|b can be reduced
below 1/2 with Eb|c always greater than 1/2. The steering parameters for G > γ are
shown in Figure 5. It is clear that we have a very different situation compared to that
shown in Figure 4. Now both Ec|b and Eb|c can be reduced below 1/2 indicating that
two-way steering becomes possible, meaning that the atomic and mirror modes can
steer each other. Thus, the creation of two-way steering requires larger values of G,
that a strong nonlinear coupling of the cavity mode to the mirror mode is required
to observe two-way steering. Note a significant asymmetry between Ec|b and Eb|c.
The asymmetry can be interpreted as arising from the asymmetry of the variances of
the quadrature components of the modes. It is easily seen from Equation (20) that
∆2Xb 6= ∆2Xc. Thus, we may conclude that the asymmetry of the steering is due to
the asymmetry of the fluctuations the two modes.
Figure 6 shows the sensitivity of the steering parameters to the thermal excitation
of the modes. We consider asymmetric thermal excitations for which we get either
∆2Xb > ∆
2Xc or ∆
2Xb < ∆
2Xc. It is easily checked that for the thermal
excitations with (n, n0) = (0, 0) and (0, 1), we have ∆
2Xb > ∆
2Xc, whereas with
(n, n0) = (1, 0), we have ∆
2Xb < ∆
2Xc. It is seen from Figure 6(a) that one-way
quantum steering (Ec,b < 1/2) occurs even in the presence of the thermal excitation
at which ∆2Xb > ∆
2Xc. With the thermal excitation (n, n0) = (1, 0) at which the
variance of the steered mode c is larger than the steering mode b, ∆2Xc > ∆
2Xb,
the steering is destroyed completely. Similarly, one can see from frames (b) that the
steering parameter Eb|c is significantly less affected by the thermal excitation when
∆2Xc > ∆
2Xb, i.e., when the variance of the steering mode c is larger than the
variance of the steered mode b. Clearly, the asymmetry of the steering is due to the
asymmetry of the variances of the quadrature components of the two modes. One
Creation of bipartite steering correlations by a fast damped auxiliary mode 14
0 10 20 30 40 500.2
0.25
0.3
0.35
0.4
0.45
0.5
G
a
/γ
E c
|b
(a)
0 10 20 30 40 500.25
0.3
0.35
0.4
0.45
0.5
0.55
G
a
/γ
E b
|c
(b)
Figure 5. The variation of the steering parameters (a) Ec|b and (b) Eb|c (right
frame) with Ga/γ for n = n0 = 0 and several different values of the coupling
constant G > γ: G = 5γ (solid black line), G = 10γ (dashed red line), G = 25γ
(dotted-dashed blue line).
can also see from Figure 6 that at large coupling strengths, Ga  γ, the steering
parameters become insensitive to the thermal excitation at the steering mode. The
results of Figure 6 clearly show that adding thermal excitation to the steered mode
significantly affects the quantum steering while adding the thermal excitation to the
steering mode is not so dramatic. In fact, the sensitivity of the steering parameters to
the thermal excitation is not so dramatic if the variance of the steering mode is larger
that that of the steered mode.
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Figure 6. Illustration of the effect of an asymmetric thermal excitation on the
variation of the steering parameters (a) Ec|b and (b) Eb|c with Ga/γ for G = γ.
Here, the solid black line is for (n, n0) = (0, 0), dashed red line is for (n, n0) =
(0, 1), and dotted-dashed blue line is for (n, n0) = (1, 0). For (n, n0) = (0, 0) and
(0, 1), ∆2Xb > ∆
2Xc while for (n, n0) = (1, 0), ∆2Xb < ∆
2Xc.
5. Effect of the auxiliary mode on bipartite entanglement
It should be pointed out that the role of the auxiliary mode in the creation of quantum
steering contrasts with that for the creation of entanglement. To illustrate this point
better, we now examine the asymmetric criterion for entanglement (26). The modes
are entangled if the condition ∆ha,b < 1 is satisfied. Since in the case considered here
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∆2Pa = ∆
2Xa, ∆
2Pb = ∆
2Xb and 〈XaPb〉 = 〈XbPa〉, the expression (26) simplifies to
∆ha,b =
2∆2(Xa + hPb)
1 + h2
. (42)
In order to find the value of the parameter h which minimizes ∆ha,b, we take the
derivative of ∆ha,b over h and setting ∂∆
h
a,b/∂h = 0, we then arrive to a quadratic
equation
〈XaPb〉+
(
∆2Pb −∆2Xa
)
h− 〈XaPb〉h2 = 0, (43)
from which we find that the value of h which minimizes ∆ha,m is
h =
(
∆2Pb −∆2Xa
)−√(∆2Pb −∆2Xa)2 + 4〈XaPb〉2
2〈XaPb〉 . (44)
Figure 7 shows the variation of the entanglement parameter ∆ha,b, as given in
Equation (42), with the coupling strength Ca for various coupling strengths gm
between the modes and various thermal excitations at the mirror mode. We see from
Figure 7(a) that where there is no thermal excitation, the modes are entangled in
the absence of the fast damped auxiliary mode and the entanglement decays steadily
with Ca but is never destroyed completely. The effect of the thermal excitation at the
mirror mode shown in Figure 7(b) is to reduce the entanglement at small Ca. It is
interesting to note that for n0 < 1 the entanglement is present over the entire range
of Ca. It starts to be destroyed for n0 > 1. Moreover, in the absence of the auxiliary
mode (Ca = 0) the entanglement is much faster destroyed by the thermal excitation
than in the presence of the auxiliary mode.
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Figure 7. (a) Illustration of the effect of the coupling constant gm on the
variation of the entanglement parameter ∆ha,b with Ca in the case no thermal
excitation at the modes (n = n0 = 0). Solid black line corresponds to gm = 0.25γ,
dashed red line to gm = 0.5γ, and dotted-dashed blue line to gm = γ. (b)
Illustration of the effect of the thermal excitation at the mirror mode on the
variation of ∆ha,b with Ca in the case no thermal excitation at the cavity mode
(n = 0) and gm = γ. Solid black line corresponds to n0 = 0, dashed red line to
n0 = 1, and dotted-dashed blue line to n0 = 1.5.
The results of Figures 3 and 7 clearly show that in the absence of the auxiliary
mode the parametric-type interaction between two equally damped modes (γm =
κ ≡ γ) can generate steady-state entanglement but cannot generate quantum steering
between the modes. We may conclude that it is possible to entangle two modes even if
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the variances of the quadrature components of the modes are equal, but the generation
of quantum steering requires the variances to be unequal. Moreover, the results show
that the fast damped auxiliary mode has a constructive effect on quantum steering
of the parametrically coupled modes despite its destructive effect on entanglement
between these modes, seen in Figure 7.
6. Summary
In summary, we have shown that a fast damped mode of a three-mode system can
create quantum steering between the remaining two modes. The discussion has
concentrated on a three-mode optomechanical system composed of a two-level atom
located inside a single mode cavity with a movable mirror. We have considered two
cases. In the first, we have assumed that the atomic mode, which directly couples
to the cavity mode, appears as a fast damped ”auxiliary” mode. In the second, we
have taken the cavity mode as a fast damped ”auxiliary” mode which directly couples
to both atomic and mirror modes. We have presented analytical solutions for the
steering parameters of the Reid criterion and have found that one-way steering always
occurs when an auxiliary mode is coupled to one of the modes of the system, and
two-way steering requires the simultaneous coupling of the auxiliary mode to both
modes. We have found that that the cavity and mirror modes, which are coupled
by the parametric-type interaction, can be entangled but cannot exhibit quantum
steering. When, in addition, the cavity mode is coupled to a fast damped atomic
mode, steering correlations are created and the modes then exhibit one-way quantum
steering. When the cavity mode appears as a fast damped mode, the atomic and
mirror mode may exhibit two-way steering. We have demonstrated that the auxiliary
mode creates an asymmetry between the variances of the quadrature components of
the modes. We have found that the asymmetry is crucial for the generation of the
steering correlations and quantum steering may occur only when the variance of the
steering mode is larger that the variance of the steered mode. We have also discussed
the effect of the thermal excitation of the modes and show that the scheme is quite
robust against the thermal excitation of the modes if the fluctuations of the steering
mode are larger than the fluctuations of the steered mode.
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